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Coupled Thermoelasticity of Shells of Revolution:
Effect of Normal Stress and Coupling

M. R. Eslami,* M. Shakeri,’ A. R. Ohadi,*and B. Shiari*
Amirkabir University of Technology, 15914 Tehran, Iran

The coupled thermoelasticity of shells of revolution, based on second-order shell theory, is considered, and
the governing equations including normal stress and strain as well as the transverse shear and rotary inertia are
considered. The coupled energy equationbased on the assumptionof Lord and Shulman (Lord, H. W.,and Shulman,
Y., “A Generalized Dynamical Theory of Thermoelasticity,” Journal of Mechanics and Physics of Solids, Vol. 15,
No. 5, 1967, pp. 299-309) is further considered, and the total system of equations is solved by means of Galerkin
finite element method. It is concluded that the inclusion of normal stress in the coupled equation is significant and
for thin shells can result in a noticeable difference in shell response compared to unassumed conditions.

Nomenclature

A, A, =first and second principal values
c, = specific heat at constant volume
E = Young’s modulus
G = shear modulus
8ij = the components of metric tensor
h = shell thickness
h;,h, = convective coefficients
k = conduction coefficient
L = shell length
0 = heat generation per unit mass
R,, R, =principalradii of curvature
T, = reference temperature
u,v,w =displacementcomponents
o = coefficient of thermal expansion
Vij = shear strain tensor
€j = strain tensor
A, 1 = Lamé constants
v = Poisson’s ratio
o = mass density
0jj = stress tensor
To = relaxation time

I. Introduction

OUPLED thermoelasticityof shells was studied by McQuillen

and Brull! who applied the traditional Galerkin method to thin
cylindrical shells to obtain the approximate solution. First-order
shell theory was considered, based on Love’s assumptions, and
the normal stress, transverse shear stress, and rotary inertia were
essentially ignored, but a nonlinear temperature distribution was
assumed across the shell thickness. They concluded that the dif-
ference between the coupled and uncoupled solutions is about 1%.
Later, in 1982, Ghosn and Sabbaghian’ presented an analytical so-
lution for coupled thermoelasticity of thick cylinders based on the
Laplace transform method. Li et al.> and Eslami and Vahedi* used
the Galerkin finite element method and applied it to the coupled
thermoelasticity of thick cylinders and spheres. Thin cylindrical
shell under thermal shock was studied by Takazono et al.,> where
the uncoupled equations of shell are considered, and viscoplasticity
of shell is discussed. Hata® considered a thick spherical shell under
thermal shock, and using analytical methods obtained the uncoupled
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dynamic thermoelastic stress waves. The coupled thermoelasticity
of thin cylindrical shells was analyzed in Ref. 7, where the first-
order shell theory based on the Love assumption was used, and the
proper Galerkin finite element formulation was presented. Because
the analysis was performed for long thin cylindrical shells, the axial
displacement was ignored, and only the lateral shell displacement
was considered in the analysis.

Shells under shock and impulsive loads tend to be sensitive to the
normal stress. The thin shellsresponseto the appliedimpulsiveloads
may differ significantly when normal stress is considered. The effect
is far more than the considerationof the transverse shear and rotary
inertia, which are occasionally considered to improve the accuracy.
It is shown that even second-order shell theory is sensitive to the
inclusion of normal stress for such types of loading #-°

In this paper, the full stress-strain relations of three-dimensional
elasticity is considered, and the Flugge second-order shell theory,
which is the most complete compared to the other classical second-
order theories, is employed to formulate the coupled thermoelas-
ticity of shells of revolution. The results are obtained using a for-
mulation where the normal stress is not considered. For the typical
shell geometry and material properties, about 5% differencein shell
response is observed. Furthermore, the effect of the coupling term
is studied, and the results are compared for coupled and uncoupled
equations.

II. Derivations

The basic assumption to consider the normal stress and strain in
the shell equations requires relating the displacement components
along the principal orthogonal curvilinear coordinate of shell to
the displacement components on the middle plane as given by the
following relations:

Ulay, o, 2) = ulay, o) + 21 (o1, 2)

o))

Vi, az,2) = v(ay, ar) + 28, (o, )

W(ai, a2, 2) = wlar, a2) + zw' (@, @) + (22 /2)w (a1, a2)

where (a1, o2, 7) are the principal orthogonal curvilinear coordi-
nates of the shell (as shown in Fig. 1), u, v, and w are the middle
plane displacements, 8; and B, are rotations of the tangent line to
the middle plane along the «; and o, axes, respectively,and w’ and
w” are the nonzero transverse normal strain. Consideration of these
two terms, w’ and w”, violates Love’s third assumption (which states
y, =0) and part of Love’s forth assumption (which states €, =0).
Furthermore, if the transverse shear strains y,,, and y,, are not made
zero, rotations 8, and B, are no longer simply described in terms of
the middle plane displacements, and the restrictionsimposed by the
other part of Love’s forth assumption (which state y;,, = y,, =0) is
removed. From the general strain-displacementrelations in curvi-
linear coordinate in terms of the covarient derivative
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The strain-displacementrelations for the second-order shell theory
is as follows:
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These relations are obtained based on Flugge’s second-order shell
theory, where the term z/R is retained in the equations compared to
unity.

The forces and moments resultants based on second-order shell
theory are defined as

+h
Z
(N1, N2, Q1) Z/ (o1, 112, Tln)(l + F) dz

h 2

+h
Z
(Ny, Nyi,y O)) Z/ (02,712,‘52;1)(1'1"?) dz
—h 1
+h z
(M, M,,) Z/ (01,712)(1+—>Zdz (5)
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The temperaturedistributionacrossthe shell thicknessis assumed
as

Z
, 1+ —)zd
(0‘2 ‘521)( + R1>Z ¥4

T(a,a2,2,1) — T, = To(ar, a2, 1) + 2T (g, 00, 1)  (6)

The equations of motion can be obtained using Hamilton’s varia-
tional principal.'®

For this general case, where the normal stress and strain are in-
cluded in the governing equations, Hamilton’s principal yields the
following equations of motion:
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where (q1, g2, q,) are the componentsof external force and (m, m,,
m,,) are the components of external moments acting on the middle
plane of shell. These forces and moments are related to the external
applied forces ¢;* and ¢; as

g =q; [1+ @/R)]+q; [l - (z/R)]
®)
m; =m![1+ (z/R)]—m[1-(z/R)]

where g;" acts on the outer surface and g;” acts on the inner surface
of shell; g, is selected positive in the opposite direction of normal
to the middle plane. The sixth and seventh of Egs. (7) are obtained
due to the consideration of the normal stress and the introductionof
parameters w’ and w”.

There are seven independentnatural boundary conditions that are
to be used with the equations of motion and may be satisfied on the
edge of shell. These conditions are as follows:

Nn = Nn or U, = Uy

Ny = Ny, or u, =i,
M’T = n or ﬂ"’ = ﬂ"’ (9)

S, =S, or w, =w
Tn = Tn or w' =w

where the bar values are known and given on the boundary.
For the axisymmetric loading condition, the following simplifi-
cations are made:

d / " ’ "
U:ﬂzz—aazzﬂ?:ﬂg:ﬂlzﬂl:MZZMZZMZZO
(10

Substitution of these conditions into the strain displacement rela-
tions (3) and (4), with the help of Egs. (5) and (6) and constitutive
law, into the equation of motion (7) cause the second and fifth equa-
tions to beidenticallysatisfied, and the equilibriumequationsreduce
to a set of five equations in terms of displacementcomponents and
rotations.

III. Energy Equation

When the time period of excitationor applicationof a thermal ex-
ternal agency tr applied to a structure is comparable to the time pe-
riod of structural disturbance f,, thermal stress waves are produced,
and the problem solutionmust be obtained through the coupled field.
Itis customary to introduce the strain tensor in the expressionof en-
tropy of continuum. This results in an expressionfor the conduction
equation based on the first law of thermodynamics, which includes
the first time rate of the strain tensor and temperature. We call the re-
sults the conventionalcoupled thermoelasticitytheory. According to
the conventionaltheory, the speed of propagationof thermal waves is
infinity, which is physically not correct. Lord and Shulman!! (L-S)
and Green and Lindsay'? resolved this discrepancy by suggesting
the improved theory. The basis of the L-S theory is to substitute the
Maxwell law for the classical Fourier law of conduction by intro-
ducing the relaxed time 7, in the constitutivelaw of heat conduction,
and thus improve the energy equation by including the second rate
of time of temperature and strain as follows:

0 . .
KT, — (1 + ToE)[CvPT +T,Bij€i1=0 an

In this paper we consider the L-S theory and adopt Eq. (11) for the
energy equation. Considering a linear distribution of temperature
across the shell thickness, as given by Eq. (6), two unknowns 7y
and 7, appear in the energy equation. The following two integrals
of the energy equation provides two independent energy equations
for two independent functions 7 and T; (Ref. 1):

/(residual) x (1) xdz=0 (12)

/(residual) X (z) xdz=0 (13)

The appendix gives the results of Eqs. (12) and (13) for spherical
and cylindrical shells based on the shell theory derived in this paper.

IV. Galerkin Finite Element Formulation

The Galerkin finite element method is used to analyze the cou-
pledthermoelasticshell equations. The nodal degrees of freedom for
an axisymmetric coupled field are five shell variables u, w, ¥, w’,
and w” and two temperature variables 7 and 7. It is verified that
a linear test function for the shell variables provides a sufficiently
accurate approximationcompared to higher polynomials."> Consid-
ering identical shape functions for all seven degrees of freedom and
applying the formal Galerkin method to the system of five shell
equations and two energy equations (7), Eqs. (12) and (13) resultin
the following finite element equation:

[M1{d} + [C){d} + [K1{d} = {F} (14)
where for the base element e
(d=u w v w w' T T) (15)

The force matrix is divided into two terms: One term is composed
of the terms obtained through the weak formulation of the govern-
ing equations and the resulting natural boundary conditions, and the
second term includes the components of external applied forces and
thermal shocks. The process of weak formulation and terms that are
selected for weak formulationin the governingequationsis very im-
portant in regard to the resulting natural boundary conditions. The
natural boundary conditions, which are obtained as the result of
weak formulation, should either have a kinematical meaning on the
boundary or add up to make a traction boundary condition. There-
fore, it is essential to set up a possible kinematic and forced shell
boundary conditions in advance and to try to obtain them by weak
formulation. The set of boundary conditions presented in Eqs. (9)
are obtained on the basis of this assumption.

The finite element equation of motion (14) may be solved in the
time domain by many techniques, such as the Newmark, Houbolt,
Wilson-6, and other methods. In this paper the « method is used.
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According to this method, the equation of motion (14) in time do-
main is transformed to the following form:

[M]{a}n+1 + (1 +Ol)[C]{U},,+1 - Ol[C]{U},,
+(1 +Ol)[K]{d}n+l —OI[K]{d},, = {F(tr1+o()} (16)

where 1, ., = (1 + )t —at, = 1,1 + aAt. The @ method
becomes Newmark’s method when « = 0. The displacement and
velocity matrices at time step (n + 1) is written in terms of their
values at time step n as

{d}n+1 = {d}r1+At{U}n+(At2/2)[(1_zﬂ){a}r1+2ﬂ{a}n+ 1] (17)

{U}n+l :{U}n+At[(1_y){a}n+y{a}n+l] (18)

where y and B are the accuracy and stability parameters, respec-
tively. Using Egs. (17) and (18), we can obtainthe unknown matrices
{d}, 1, {v}, 1, and {a}, .| in terms of their values at #,. Let us de-
fine the following matrices:

{d}, 11 = {d}, + At{v}, + (A?/2)(1 — 2B){a}, (19)
{E}n+l = {U}n + At(l - y){a}n (20)
From Egs. (18) and (20)
1 _
{a}n+l = W[{d}nJrl - {d}n+1] (21)

and from Egs. (19) and (21)

{E}n+l +ﬁ[{d}n+l _{a}nJrl] (22)

SubstitutingEgs. (19-22) into Eq. (16), we obtain the main equation
to solve for {d}, , 1:

{U}n+l =

1
ﬁ(At)z[M]+(1+a)ﬁ(2t)[c]+(l+a)[K]{d}"+l
— _ 4 7
- {F(tr1+ot)} [ﬁ(At)z [M] + (1 +a)ﬂ(At) [C]i|{d}n+l
— (1 + )[CHvlut1 +a[CHvtw + a[K]{d}, (23)

The stable solution condition is not only based on the values of y
and B; itis also very sensitive to the choice of At. For the Newmark
method, the values 28 > y > % result in an unconditionally stable
solution provided that the choice of At is correct. It is suggested
that the following values are selected for the & method':

y=>0-2w/2,  B=[10-2w)/2F
24

The numerical method will be unconditionally stable, will have
second-orderaccuracy,and will self-initiate. Note that sometimes in
the solution of Eq. (23) higher-frequency modes artificially appear,
which do not belong to the equation. Therefore, it is required that
these disturbing frequencies are deleted by increasing the artificial
damping. This is possibleusing the « method because by decreasing
the value of « the artificial numerical damping is increased with-
out effecting the problem accuracy. The stability condition of the o
method, similar to other methods, such as the Newmark, is based
on the positive definite matrices. The application of the Galerkin
method to this problem results in nonaxisymmetric stiffness and
damping matrices, and therefore the resulting solution must be
checked for its convergency. The selection of the time increment
is important and has an absolute effect on solution convergency and
accuracy.

ac[-4.0]

V. Results

Consider a thin cylindrical shell of clamped edges with the geo-
metrical and material properties given in Table 1.

The thermal conditions at the ends of the shell are assumed iso-
lated, and the shell is considered to be exposed to the inside thermal
shock given by the following equation:

T,(t) = 2207(1 — e~ 31001y 4 293 (25)

Tablel Geometry and material
properties of cylindrical shell

Parameter Value
E 200 GN/m?
k 50 W/m K
o 17.8x 1076 1/K
L 0.40 m
R 0.1085m
v 0.3
P 7,904 kg/m?
h 0.002 m
Co 500 J/kg K
h; 10,000 W/m? K
ho 200 W/m? K
T, 293K
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Fig.2 Inside temperature vs time, example 1.
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Fig.3 Middle plane lateral deflection, example 1.

The temperature of the inside surface rises from 293 to 2500 K in
0.45 ms; the shell behavior is studied up to 0.04 s, which is about
90 times the time period required for the thermal shock to reach its
steady-state condition. The shell is divided into 50 elements along
its length, and the time incrementis 1E — 6 s. In Fig. 2 the inside
temperature vs time for the shell middle length is shown. The effect
of mechanicalcouplings = [(1 + v)a?T,E/(1 — v)(1 — 2v)pc,]is
shown in Fig. 2. For § =0, the mechanical coupling term from the
energy is ignored, equation and the problem is decoupled. For the
given shell 6 = 0.0095, it is noted that the effet of damping is
negligible. For larger « or smaller c,, the value of § is larger. For
8 =0.095, the mechanical couplinghas a noticeableeftect. In Fig. 3,
this comparison is shown for the middle plane lateral deflection. It
is noted that although at # =0.04 s the thermal shock reached its
steady-state condition, the lateral deflection and inside temperature
are still increasing. The reason is that the characteristic time of heat
transfer is much larger than the mechanical characteristic time for
the stress wave. This behavior is different when the shell is under
pressure shock .’

Now consider the same shell under low-rate thermal shock, as a
second example. The equation of temperature shock applied to the
cylindrical shell is
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Fig.5 Time history of radial displacement, example 2.
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Fig. 6 Time history of axial force, example 2.

Ti(t) = 2207(1 — e ") + 293 (26)

The rate of temperature (Kelvin) variation with respect to time is
slower compared to Eq. (25). Temperature reaches to its maximum
value within 3.5 s. The time increment is selected as At =0.01 s,
and the shell behavior is studied up to 5 s. It was observed that for
At =0.005, the results were negligibly different, and thus the se-
lected value for At was justified. In Figs. 4 and 5, the time history
of inside surface temperature and radial displacement of the shell
middle length is shown. Similar to Figs. 2 and 3, the values of tem-
perature and displacementfor coupled condition (8§ = 0.095) are less
than the values for semicoupled condition (§ = 0). This means that
the coupledeffectacts like a damper, and thus it could be regarded as
thermoelastic damping. At the beginning of the shock, due to lower
values of strains, the difference between coupled (§ = 0.095) and
semicoupled (§ =0) is negligible, and as time increases this dif-
ference also increases. When temperature reaches its steady-state
condition, the strains reach their maximum values while their time
rate is decreased and the effect of mechanical coupling will also
decrease. In Figs. 6-8 the time history of the axial force, axial mo-
ment, and axial stress at the inner surface are shown. Although both

-
n
[=]

-
[«
[=3
Y

4
v

@®
o
)
™
»
*
’
7

(02
[#]
Vi
[
o~
o
'

N
Q
L
v

Axial Moment(N-m/m)
B
<o
L]
’?

o
7

- \\“N
] T e e T

1Y
<3

] | * ~uncoupled(¢=0) —coupled(¢=.0095) — coupled(d=.095)

i
S

0 05 1 5 2 25 3 35 4 45 5
Time(Sec)

Fig.7 Time history of axial moment, example 2.
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Fig.9 Variation of radial displacement vs shell length, example 2.

temperature and radial displacement are related to the axial force,
because of their signs and coefficients, the effect of temperature is
dominant, and the axial force is negative. Because the axial moment
is small, the axial stress follows the pattern of the axial force. The
variation of radial displacement, axial force, axial moment, and ax-
ial stress vs the shell length are shown in Figs. 9-12. In all of the
figures describingthe time history, the effectof mechanical coupling
decreases as time increases, as expected.

The effect of normal stress is studied in the third example. A
clamped edges cylindrical shell of L=1.0 m, R=0.15m, h=
0.005m, E =196 GPa, p =8000 kg/m’, and v =0.3 under inside
uniform pressure shock of

P(t) = 8 x 10°(1 — e~ !3:100) 27

is considered. Pressure reaches its maximum value at 0.45 ms. Fig-
ure 13 shows the time history of the radial displacement of the
middle length of the shell for two theories: when normal stress is
considered (w is quadratic function of z) and when normal stress is
not considered (w is constant across the thickness). Table 2 gives
the radial displacement for the middle length at t =5E—4 s. The
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Table2 Effect of normal stress (cylindrical shells)

Case w, m(R/h =30) w, m(R/h=10)
Theory including o, 0.20976E -3 0.67291E—4
Theory excluding o, 0.20825E-3 0.65981E—4
Percent of difference 0.7 2

difference between two cases is about 0.7% for R/h = 30 and 2%
for R/h = 10.

InFig. 14 the time history of the axial moment at the middlelength
of the shell for R/h = 30 is plotted. It is observed that the effect
of normal stress causes a considerable increase of axial moment.
Figure 15 shows the time history of normal stress for the middle
length. At the inside surface, the normal stress is at equilibrium
with the inside pressure, and at outside surface it is zero. Figures 16
and 17 show the time history of the axial force and moment at the
middle length for R /h = 10. Figure 18 is a plot of the axial stress of
the inside shell surface vs time at the same location for R/h = 10.
The axial stress is the sum of N, /h + 12zM,. / h*. Because the axial
force is dominant, the axial stress follows its pattern.
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Fig. 13 Time history of radial displacement at middle length of shell
for two theories, example 3.
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The variation of transverse shear stress across the shell thickness
isshowninFig. 19. Figure 19 is for example 3 at éL from the bound-
ary andfor# = 0.8 ms. The transverseshear at the shell middlelength
is negligible because the shell is relatively long. Note that when the
normal stress is considered, the variation of shear stress across the
thicknessis nonlinear. However, it is expected that the shear stresses
become zero on the inside and outside shell surfaces. This condi-
tion is in contradiction with the given nonzero shear stresses in
Fig. 19. The reason for this error is that the boundary conditions of
Ty, =Ty, =0atz = :l:% h was not consideredin the formulation.In
Ref. 16, amethod is suggestedto resolvethis problem, consideration
of which results in a major change in the present formulation.

In Fig. 20, the variation of normal stress across the shell thick-
ness is shown. Observe that the normal stress at the inside surface is
7.5E6 Pa, smaller than the 8 E6 Pa of the inside pressure,and at out-
side surfaceitis roughly greaterthan zero, instead of being zero. The
reason for this error is, again, not satisfyingthe exact boundary con-
ditions of the normal stress on the inside and outside surfaces. The

Table 3 Effect of normal stress (spherical shells)

Case w, m (R/h =30) w, m (R/h=10)
Theory including o, 1.731E—-4 5.387E—-5
Theory excluding o, 1.736E—4 5.634E—5
Percent of difference 1.4 4.4

Table4 Geometry and material
properties of spherical shell

Parameter Value

E 200 GN/m?

R 0.15m

h 0.015m

ho 200 W/m? K
k 50 W/mK

v 0.3

cy 500 J/kg K

G 76.9 GN/m?
a3 11.8x 1076 1/K
P 7,904 kg/m?
h; 10,000 W/m? K
T, 293K

(o]
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i
3

Normal Stress(N/m ~2)*1E6
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Fig. 20 Variation of normal stress vs shell thickness for R/h =10, ex-
ample 3.

method suggested in Ref. 16 can resolve this discrepancy without a
major effect on the other results.

The fourth example is a spherical shell with the following data:
R=03m,2=0.01m, E=200GPa, p = 8000kg/m3, andv =0.3.
The pressure pulse of Eq. (27) is applied, and the lateral deflection
at the crown of the shell is given in Table 3 for # = 0.6 ms. Note that
the consideration of normal stress improves the results up to 1.4%
for R/h =30, and 4.4% for R/h =10.

The fifth example is a hemispherical shell with clamped edges
under thermal shock given by Eq. (26) and the data given in Table 4.

In Figs. 21 and 22, the time history of the radial deflection and
inside temperature at the crown of shell are given. It is noted that
the mechanicalcoupling § = 0.095 has a considerableeffect on shell
response and causes the reduction of w and 7. In Figs. 23-25 the
time history of meridional force, moment, and stress of the same
point is shown. Because the moment is dominant, the stress distri-
bution follows its pattern. The positive moment of Fig. 24 causes
compressive stress at the inside surface.

The final example is a cylindrical shell with clamped edges under
thermal shock, given by Eq. 25 with the geometry and material prop-
erties given in Table 1. Figure 26 shows the difference between the
valuescalculatedunderthe two theories, the classicalcoupledtheory
(to =0)and L-S theory (ty = 1.5 x 107%). The axial stress value for
the L-S theory becomes smaller than for the classical theory. The
maximum value of the difference is about 38%, which occurs at
t =0.4 x 1073 s at the outer surface of the shell. Note that this dif-
ference between the two theories is due to the artificially increased
value of 7y, which for metallic material is about 1.6 x 107'2.
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VI. Conclusion

The shell responseunder thermal shock is defined through a set of
thermoelasticequations coupled with the energy equation, provided
that the thermal shock period is small enough compared to the time
period characterizing the propagation of mechanical disturbances.
The effect of the coupling is to predict smaller numerical values for
temperature and displacementdistribution along the shell, whereas
the forces and moments are predicted to have higher values com-

pared to the uncoupled formulations.

The effect of normal stress, when consideredin the shell govern-
ing equations, is far more significant than the transverse shear stress,
which is usually considered to impove the formulation’s accuracy.
The effect is magnified when the shell experiences high impulsive

surface loads.

The second sound effect was checked for the shell response based
on L-S theory. Consideration of the relaxation time results in pre-
diction of higher values for axial stress distributionin the cylindrical

shells.

Appendix: Results of Equations for Spherical
and Cylindrical Shells

The energy equations for sphrical shells are

kh Ty kb o/ ot (o 2
R2 a¢2 RZCOg a¢ i o) Lo ) i 0

Gr+2naT, h t¢‘+hau+2h‘+h‘/
_ il T il

waT,|| 5 cots R 3% 7w+ h

+ | o e cotggii + 2 4 2

= Z [ Wil

RV | TR T Ry TRY T

h3 . .
+ H_Rw//i“ = pc,h(Ty + 7yTy) = —h[T; () — T,]

T
R)1
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4 2 of1 =7

The energy equations for cylindrical shells are

0°T, h 2k
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